Abstract-The purpose of this paper is to describe a model predictive direct torque control (MPDTC) with load angle limitation for surface-mounted permanent magnet synchronous motor (SPMSM) drive system. In this paper, an exact discrete-time state-space model of SPMSM is presented, which improves the state prediction accuracy comparing to simple Euler approximation. A finite control set type MPDTC is used to select the optimum voltage vectors applying to the voltage source inverter (VSI). It makes full use of the inherent discrete nature of VSI, and according to the predefined cost function it chooses the optimal solution from the possible switching states. It has been found that with the proposed scheme SPMSM drives show adequate dynamic torque performance and considerable torque ripple reduction as compared to traditional direct torque control (t-DTC). With the load angle limitation in the cost function, the proposed scheme can prevent the PMSMs falling from synchronism.
INTRODUCTION
The permanent magnet synchronous motors (PMSMs) have been gaining popularity in high performance AC motor drives, owing to advances in manufacturing and commercializing PM materials, power electronics and digital signal processors, etc. Direct torque control (DTC), which is invented by Takahashi et al. [1] and Depenbrock [2] in the late 1980s, has revealed interesting performance in induction motor application where torque dynamic is essential [3, 4] . In view of the successful application of induction motors, it has been applied to the PMSMs [5] [6] [7] . Today, PMSMs with DTC are available on the market with several producers, different solutions and performance [8, 9] .
In traditional DTC (t-DTC), when the torque is wanted to be increased, a voltage vector which increases the load angle (the angle between the stator flux linkage and the rotor flux linkage) is selected, and vice versa. However, with respect to the load angle, the torque of PMSMs has a maximum value. Taking the surface-mounted PMSM (SPMSM) as an example, when the load angle exceed 90 • , the selected voltage vector which increases the load angle will decrease the torque. In order to prevent the PMSMs falling from synchronism, the load angle should be limited [10] . Pyrhonen [11] presented two approaches, for the limitation of the load angle in direct torque controlled electrically excited synchronous motor drives: indirect load angle control and direct load angle control. The indirect and direct approaches are combined by adding an adaptive term to the indirect torque limitation in PMSMs [12] . Zhang et al. [13] presented a direct load angle control scheme for Interior PMSM, which features low torque and flux ripples and almost fixed switching frequency by means of Space Vector Modulation (SVM). A novel DTC scheme was proposed for missile wing load emulation system running in special conditions, with torque increase by field-enhancing and keeping a constant load angle [14] . The aforementioned concepts are linear control combined with modulation schemes and nonlinear control based hysteresis bounds. With the fast development of digital signal processing techniques, new alternatives to both linear and nonlinear methods have been proposed using model predictive control (MPC) to achieve better performance [15] [16] [17] [18] [19] .
In recent decades, MPC, also referred to as receding horizon control, has been extremely successful in power electronics and motor drives applications [20, 21] . The main principle of MPC is to utilize a model of the systems in order to predict and optimize the future system behavior. In this paper, the finite control set type model predictive direct torque control (FCS-MPDTC) is suggested as an alternative to t-DTC for SPMSM. FCS-MPDTC makes full use of the inherent discrete nature of power inverters, and according to the minimization of the predefined cost function it chooses the optimal solution from the possible switching states [22] . In order to implement the FCS-MPDTC in a standard digital platform such as digital signal processor (DSP), a discrete time state space representation of Equation (5) should be obtained. The common approximation to obtain a discrete-time model for SPMSM is Euler method [23] . In fact the Euler approximation is a particular case of truncated Taylor series expansion, omitting the second-order and higher order terms [24] . Due to the omission, it may lead to poor accuracy for MPC [25] [26] [27] . In this paper, an exact discrete-time state-space SPMSM model is proposed which improves the state prediction accuracy, compared to simple Euler approximation. It is worth noting that the performance of MPC largely depends on the accuracy of the model. A more accurate model, performance can be better.
Another attractive feature of the presented control in this paper, with respect to other control, is the possibility to handle the nonlinearities and restrictions of the systems due to the existence of a cost function. The cost function, proposed in this paper, is divided into two main components: performance and restriction. The performance component ensures tracking of the reference torque and flux both in transient and steady state. The restriction region is the load angle limitation which prevents the PMSMs falling from synchronism. Some results to evaluate the performance of SPMSM drives were proposed in this paper. They are used to compare t-DTC and FCS-MPDTC in both steady-state and transient operating conditions. For the sake of comparison, these two control schemes are implemented in the same environment.
This paper is organized as follows: the discrete-time state-space motor model is analyzed in Section 2. In Section 3 the design of FCS-MPDTC for SPMSM is pointed out. The simulation and experimental results is shown in Section 4. Finally, concluding remarks are reported in Section 5.
SPMSM MODEL
The equations commonly used to model SPMSM (for SPMSM: d-axis stator inductance L d is equal to q-axis stator inductance L q , i.e., L d = L q ) in the rotor reference frame (d-q) were derived as follows [28] :
where ω e is the electrical rotor angular speed and is related to the mechanical rotor angular speed ω m , i.e., ω e = pω m , p is the pair of poles, u d and u q is the stator voltages in the d-q frame, ψ d and ψ q is the stator fluxes in the d-q frame, and i d and i q is the stator currents in the d-q frame, R s is the stator winding resistance, ψ f is the permanent magnet rotor flux, T e is the electromagnetic torque, δ is the load angle. It is possible to rewrite Equation (1) in continue-time state-space form:
, L q and ψ f are the parameters of the SPMSM. The parameters variations can also have a negative impact on FCS-MPDTC. Nevertheless, in this paper, in order to make the prediction problem can be computed in the range of microseconds on standard digital platforms, the parameters are assumed to be known and constant. Note that, the matrix A in Equation (5) includes the time-varying nature of the system (the electrical rotor angular speed ω e ) making a linear time variant (LTV) matrix, i.e., A = A(ω e (t)). Compared with the sampling period, the mechanical time constant of the SPMSM is large enough, therefore, within each sampling period, ω e can be considered to be constant and equal to the measured value ω e,k at the sampling time kT s , i.e., ω e (t) = ω e,k , ∀t ∈ [kT s , (k + 1)T s ]. Then, the discrete-time state-space SPMSM model is derived as follow:
where
In order to obtain an accurate representation of A k , as suggested by Miranda [29] , the matrix A is separated into two matrices, A c that does not depend on ω e , and A ω whose elements depend on ω e , and then A can be expressed as
The discrete-time state-space model of induction motor proposed by Miranda [29] is not exact [24] , which is evident from the following lemma.
for all ∆ ∈ [0, ∞) if and only if ΓΦ = ΦΓ. Proof : See [30] .
I, so A c and A ω are commutative matrices, i.e.,
Then, the matrix A k can be derived as:
where the matrix e AcTs can be calculated offline since it is linear time invariant (LTI) matrixes. As explained earlier, matrix e A ω T s depends on ω e and is a LTV matrix. The instantaneous value of e A ω T s has to be updated at every sampling time. Considering the aforementioned assumption of ω e , i.e., ω e (t) = ω e,k , ∀t ∈ [kT s , (k + 1)T s ], an accurate representation of e A ω T s can be obtained using the Cayley-Hamilton theorem [31] .
Substitute Equation (12) into Equation (11), then
Then, the matrix B k can be derived as:
Finally, we will consider this discrete-time state-space model as an exact representation of SPMSM. The matrices A k , B k and C k will be used to predict the future behavior of the system.
PREDICTIVE CONTROL
FCS-MPDTC makes full use of the inherent discrete nature of the voltage source inverter (VSI), and predicts the future behavior in the next sampling period under each possible states of VSI by computation of the aforementioned discrete-time state-space model. The predictions are evaluated using the predefined cost function J and then the voltage vector that minimizes the cost function is selected and applied in the SPMSM. A block diagram of the proposed FCS-MPDTC scheme is shown in Figure 1 . As shown in Figure 1 , the basic operation of the proposed control can be described as follows: a) Measurement: The stator currents are measured by the current sensors; stator voltages are calculated using the magnitude of DC voltage and current switching state; and the electrical rotor angular speed can be obtained by an encoder or an observer. b) Prediction: The measurements are used for prediction of electromagnetic torque, stator flux magnitude, load angle for all eight voltage vectors (a simple two-level VSI). c) Evaluation: The predefined cost function is used to evaluate the predictions. d) Actuation: The optimum voltage vectors, which are selected according to the evaluations, are applying to the VSI.
Prediction with Delay Compensation
As compared with t-DTC, this kind of predictive control needs a high amount of calculations. Due to these calculations, the delay between the measurement and the actuation will cause errors if not considered. In this paper, this delay, which is the most important delay on the system, has been included in the design of the predictive process for the simulations, as well as for the experimental results. The graphically illustrations of the predictive process with and without delay compensation are shown respectively in Figure 2 .
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3) is predicted, is estimated, 8 are predicted; 4) 8 are calculated. As it can be observed in the Figure 2 (a), the voltage vector u k selected using measurement at sampling time t k will be applied near t k+1 . As a consequence of this delay, the torque ripple and stator flux ripple will increase. The operation of the predictive process with delay compensation is shown in Figure 2 (b). As discussed before, the time-varying term ω e is included in the predictive model and in the time interval kT s ([t k , t k+1 ]), it can be considered to be constant and equal to the measured value ω e,k . Note that, the predictive process with delay compensation needs ω e,k+1 in the time interval kT s . Using a second-order extrapolation obtained from the Lagrange interpolation formula [32] , one-step-ahead estimation of ω e can be derived as:ω e,k+1 = 3ω e,k − 3ω e,k−1 + ω e,k−2 (15) Then the instantaneous value of e A ω T s in the time interval (k + 1)T s can be updated usingω e,k+1 . According to Equation (7), x k+2 can be predicted for each voltage vector. The voltage vector u k+1 that minimizes the cost function J k+2 is stored. At the beginning of the sampling time t k+1 , u k+1 is applied to VSI. The estimation ofω e,k+1 and the prediction of x k+1 increase the calculation times but only marginally, as this calculation is performed only once.
Cost Function Design
In this paper, the cost function of FCS-MPDTC is divided into two main components: performance and restriction.
Performance Component
In t-DTC, the reference stator flux magnitude is a constant, which is approximately equal to the permanent magnet rotor flux magnitude [33] . The main advantage of the constant stator flux magnitude (CSFM) control is that by limiting stator flux magnitude, the stator voltage requirement is kept comparably low [34] . And it gives a smooth control over the entire torque-speed region, with a seamless transition to field-weakening above the base speed.
In this paper, CSFM is used to implement the FCS-MPDTC, and the reference stator flux magnitude is equal to the permanent magnet rotor flux, i.e., ψ * s = ψ f . For the sake of clarity, the motor temperature effect on the permanent magnet is neglected, i.e., the rotor flux amplitude is a constant. Another input to FCS-MPDTC is the reference torque T * e , which is set either by the user or by a superimposed control (e.g., speed control).
The main criteria to evaluate the performance of FCS-MPDTC are toque and flux errors. The cost function to minimization the torque and flux errors is
where λ T and λ ψ are weighting coefficients.
Restriction Component
In traditional field oriented control (FOC) methods, the load angle can be controlled by adjusting the current references so that the maximum load angle is not exceeded [35] . When t-DTC is used, without the current loop, direct load angle adjustment is not possible [11] . As presented by Luukko et al. [10] , indirect load angle limitation, which is implemented by modifying the reference torque, cannot be used in t-DTC. The reason is that reference torque limitation cannot ensure the stability if the load angle exceeds the maximum value. In that situation, the voltage vector which is selected from the switching table to accelerate the stator flux linkage vector increases the load angle and decreases the torque. This leads to a fast torque break down and loss of synchronism. T-DTC has no natural mechanism to prevent it. This problem occurs especially in the field-weakening application, where a large load angle is necessary to produce a high torque [11] . It is well known that, one of the major strengths of MPC is the ability to impose restrictions. In this paper, the load angle limitation is included simply in the cost function as follows:
where λ δ is weighting coefficients. Finally, the cost function J of FCS-MPDTC is a combination of J P and J R , i.e., J = J P + J R . However, there are three weighting coefficients, which are used to tune the importance of those control targets.
RESULTS

Simulation Results
In order to investigate the importance of load angle limitation under t-DTC or FCS-MPDTC, simulation models are constructed using Matlab/Simulink software package. Two control schemes are implemented in the same SPMSM drive using the same implementation conditions. The step size of simulation time is 2 µs, and the sample time is 100 µs. The SPMSM is Y -connected with parameters as in Table 1 . The VSI used in simulation is IGBT inverter with +150 to −150 dc link voltage. The maximum switching frequency of the IGBT is set at 10 kHz. The simulation results of the two control schemes are shown in Figures 3 . It is simulated with 1500 r/min (0.5ω n ) closed speed loop, 4.77 Nm load torque (T L = T en ), while the slope of the reference speed is limited to 50000 r/min/s. The speed loop proportional and integral parameters (in parallel PI form) are 0.05 and 30 respectively. In t-DTC, the band width of the torque hysteresis controller is 0.1 Nm, and the band width of the flux hysteresis controller is 0.001 Vs. And in FCS-MPDTC, the weighting coefficients λ T , λ ψ and λ δ are 1, 30 and 500, respectively.
It should be noted that, the reference torque, is limited to ±15 Nm. And the maximum torque of the SPMSM under CSFM can be calculated as T e max = 1.5pψ 2 f /L s = 11.0 Nm. As discussed before, if the load angle is not limited, SPMSM will fall from synchronism. In Figure 3(a) , the effectiveness of the 
Experimental Results
These two control scheme are experimentally tested with a ten-pole 1.5 kW SPMSM. Detailed motor parameters are tabulated in Table 1 . The sampling frequencies for these two control schemes both are 10 kHz. All these control algorithms and data logging are programmed in a DSP (TI: TMS320LF2812). The SPMSM is fed by a two-level VSI (MITSUBISHI: PM75RLA120). Hall-effect sensors (Xinmin: CSM025A and VSM025A) are used to measure the motor currents and DC voltage. The rotor mechanical position is measured by an incremental encoder (Bochen: BC66S).
Torque Dynamic Response
The torque dynamic response with t-DTC and proposed FCS-MPDTC are shown in Figures 4(a) and (b), respectively. The reference torque for both schemes is changed from −3 to 3 Nm while the reference flux is kept as ψ f . As shown in Figure 4 , both torque direct control schemes have a fast dynamic response. This is the most important advantage against FOC. The striking feature is that there is less torque ripple when FCS-MPDTC is used. This superiority is due to the exact state-space model and the delay compensation.
Steady State Performance
The experimental results under steady state of SPMSM are shown in Figures 5-7 . Figure 5 exhibits the load test results at speed of 0.5ω n , where a 3 Nm load is applied to SPMSM. As shown in Figure 5 , the ripples of speed, torque, flux and currents under t-DTC are all more than under FCS-MPDTC. Figure 6 shows the phase current of SPMSM with t-DTC and FCS-MPDTC. It should be noted that the current ripple is significantly reduced when the proposed FCS-MPDTC is used. The frequency spectra for phase current are shown in Figure 7 . The overall harmonic components stay at a relatively low level when the proposed FCS-MPDTC is used.
Load Angle Limitation
The experiment of falling from synchronism has adverse effect on the SPMSM, like demagnetization. For verifying the effectiveness of load angle limitation and avoiding the adverse effect, a small δ max is set at 20 • . The reference torque for this experiment is changed from 0 to 4.77 Nm while the load torque is kept at 3 Nm. Figure 8 shows the load angle limitation results with FCS-MPDTC. Originally, the maximum load angle should be 25.64 • , which can be calculated by the following equation:
Nevertheless, as shown in Figure 8 , the load angle is limited at 20 • due to the cost function of FCS-MPDTC.
As shown in Figures 3-8 , the proposed FCS-MPDTC improves the torque smoothness properties without deterioration of the torque dynamic performance of DTC. And as compared with t-DTC, it avoids the SPMSM falling from synchronism. It is noticed that with the proposed control the motor torque and flux is controlled to track its reference curve both at transient response and steady states.
CONCLUSIONS
To achieve the high-performance of SPMSM drive system, a finite control set type model predictive direct torque control (FCS-MPDTC) with load angle limitation was presented. The basic idea of FCS-MPDTC is to predict and optimize the future system behavior utilizing an exact discrete-time state-space model of the system. The results of the prediction are evaluated by the cost function and then the appropriate action is provided. The cost function, proposed in this paper, is divided into two main components: performance and restriction. The performance component ensures tracking of the reference torque and flux both in transient and steady state. The restriction region is the load angle limitation which prevents the PMSMs falling from synchronism. And in order to improve the performance, the time delay introduced by sampling and computation time is compensated during the predictive process.
The essential parameters of FCS-MPDTC are stator currents of two phases, voltage of the DC bus and the rotor position. As a result, the structure and the algorithm of FCS-MPDTC are simple and easy to implement. The simulation and experimental results of the proposed control scheme show that the SPMSM drive system has good performance during transient response and steady-state operations. It is a good alternative to t-DTC for SPMSM, and it can be applied to the servo systems.
